Abstract: In this paper, we establish some new fixed point theorems and coincidence point theorems for essential distances and e 0 -metrics which generalize and improve Berinde-Berinde's fixed point theorem, Mizoguchi-Takahashi's fixed point theorem, Nadler's fixed point theorem and Banach contraction principle and many known results in the literature.
Introduction and preliminaries
Let (X, d) be a metric space. Denote by N (X) the class of all nonempty subsets of X, C(X) the class of all nonempty closed subsets of X and CB(X) the family of all nonempty closed and bounded subsets of X. is said to be the Hausdorff metric on CB(X) induced by the metric d on X. A point v in X is a fixed point of a mapping T if v = T v (when T : X → X is a single-valued mapping) or v ∈ T v (when T : X → N (X) is a multivalued mapping). The set of fixed points of T is denoted by F (T ). Let g : X → X be a self-mapping and T : X → N (X) be a multivalued mapping. A point x in X is said to be a coincidence point of g and T if gx ∈ T x. The set of coincidence point of g and T is denoted by COP(g, T ). Throughout this paper, we denote by N and R, the set of positive integers and real numbers, respectively.
In 2007, M. Berinde and V. Berinde [2] established the following interesting fixed point theorem which generalizes Mizoguchi-Takahashi's fixed point theorem [13] , Nadler's fixed point theorem [14] and Banach contraction principle [1] . Theorem 1.1 (M. Berinde and V. Berinde [2] ). Let (X, d) be a complete metric space, T : X → CB(X) be a multivalued mapping and L ≥ 0. Assume that for all x, y ∈ X, where α is an MT -function, that is, α is a function from [0, ∞) into [0, 1) satisfying lim sup s→t+0 α(s) < 1 for all t ∈ [0, ∞). Then there exists v ∈ X such that v ∈ T v. Let (X, d) be a metric space. Recall that a function κ : X × X → [0, ∞) is said to be a τ -function [3, 4, 6, 7, 10, 12] , introduced and studied by Lin and Du, if the following conditions hold:
(τ 1) κ(x, z) ≤ κ(x, y) + κ(y, z) for all x, y, z ∈ X; (τ 2) if x ∈ X and {y n } in X with lim n→∞ y n = y such that κ(x, y n ) ≤ M for some M = M (x) > 0, then κ(x, y) ≤ M ; (τ 3) for any sequence {x n } in X with lim n→∞ sup{κ(x n , x m ) : m > n} = 0, if there exists a sequence {y n } in X such that lim n→∞ κ(x n , y n ) = 0, then lim n→∞ ρ(x n , y n ) = 0;
(τ 4) for x, y, z ∈ X, κ(x, y) = 0 and κ(x, z) = 0 imply y = z.
It is obvious that the metric d is a w-distance [3, 4, 6, 7, [9] [10] [11] [12] and any w-distance is a τ -function, but the converse is not true; see [3, 10, 12] for more detail.
The following result is very crucial in our proofs.
In 2016, Du [8] introduced the concept of essential distance as follows. Remark 1.1. Clearly any τ -function is an e-distance. By Lemma 1.1, we know that if κ is an e-distance, then condition (τ 4) ′ holds.
The following known result is very crucial in this paper.
) be a metric space and κ : X × X → [0, +∞) be a function. Assume that κ satisfies the condition (τ 3). If a sequence {x n } in X with lim n→∞ sup{κ(x n , x m ) : m > n} = 0, then {x n } is a Cauchy sequence in X.
In 2016, Du introduced the concept of MT (λ)-function [7] as follows.
is said to be an MT (λ)-function [7] if lim sup s→t + µ(s) < λ for all t ∈ [0, ∞). As usual, we simply write "MT -function (see [3] [4] [5] [6] )" instead of "MT (1)-function".
In [7] , Du established the following useful characterizations of MT (λ)-functions. (1) µ is an MT (λ)-function.
(10) For any eventually strictly decreasing sequence {x n } n∈N (i.e. there exists ℓ ∈ N such that
Let κ be an e-function. For each x ∈ X and C ⊆ X, denote by κ(x, C) = inf y∈C κ(x, y). Now, we introduce the concepts of e 0 -distance and e 0 -metric.
is an e-distance on X with κ(x, x) = 0 for all x ∈ X. Definition 1.4. Let (X, d) be a metric space and κ be an e 0 -distance. For any A, B ∈ CB(X),
where ξ κ (A, B) = sup x∈A κ(x, B), then D κ is said to be the e 0 -metric on CB(X) induced by κ.
Clearly, any Hausdorff metric is an e 0 -metric, but the reverse is not true. It is not difficult to prove the following theorem. Theorem 1.3. Let (X, d) be a metric space and D κ be an e 0 -metric defined as in Def. 1.4 on CB(X) induced by an e 0 -distance κ. Then for A, B, C ∈ CB(X), the following hold:
(iii) Every e 0 -metric D κ is a metric on CB(X).
In this paper, some new fixed point theorems and coincidence point theorems for essential distances and e 0 -metrics are established. Our new results generalize and improve Berinde-Berinde's fixed point theorem, Mizoguchi-Takahashi's fixed point theorem, Nadler's fixed point theorem, Banach contraction principle and many known results in the literature.
New fixed point and coincidence point theorems
In this section, we first establish the following new fixed point theorem for e 0 -distances which extends and generalizes Berinde-Berinde's fixed point theorem, Mizoguchi-Takahashi's fixed point theorem, Nadler's fixed point theorem and Banach contraction principle. (H4) for any sequence {x n } in X with x n+1 ∈ T x n , n ∈ N and lim n→∞ x n = v, we have lim n→∞ κ(x n , T v) = 0;
Proof. Since κ is a e 0 -distance, by Lemma 1.1, we know that for x, y ∈ X, κ(x, y) = 0 ⇐⇒ x = y.
Following a similar argument as the proof of [6, Lemma 3.1], we can prove the conclusion.
The following result is an immediate consequence of Theorem 2.1.
Theorem 2.2. Let (X, d) be a complete metric space, κ be a e 0 -distance, T : X → C(X) be a multivalued mapping and µ : [0, ∞) → [0, 1) be an MT -function. Suppose that the condition (S2) as in Theorem 2.1 holds and further assume that (S3) for each x ∈ X, κ(y, T y) ≤ µ(κ(x, y))κ(x, y) for all y ∈ T x.
Then F (T ) = ∅.
By applying Theorem 2.2, we establishe the following existence theorem of coincidence point and fixed point. Theorem 2.3. Let (X, d) be a complete metric space, κ be a e 0 -distance, T : X → C(X) be a multivalued mapping, ϕ : X → X be a continuous self-mapping, µ : [0, ∞) → [0, 1) be an MTfunction and L ≥ 0. Suppose that the condition (S2) as in Theorem 2.1 holds and further assume
(S5) κ(y, T y) ≤ µ(κ(x, y))κ(x, y) + Lκ(ϕy, T x) for all x, y ∈ X.
The following existence theorem of coincidence point and fixed point for e 0 -distances and e 0 -metrics is an immediate consequence of Theorem 2.3. Then COP(ϕ, T ) ∩ F (T ) = ∅.
Remark 2.1. Theorems 2.1-2.4 all improve and generalize Berinde-Berinde's fixed point theorem, Mizoguchi-Takahashi's fixed point theorem, Nadler's fixed point theorem, Banach contraction principle and some results in [3, 5, 6] and references therein.
